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aj > 0,
M(n,r) = ¢ A= (aj) € Ma(Z) | > a5 =T,
Doidik =D aivk
hn(r) = #M(n,1), Fa(t) =) hn(n)t
r>0
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Reduced Poincaré series

t
fi(t) = (1_t)%5((1)_t2)1oﬂDDDDDDDDD

0 0O (Nakamoto-O.)

f5(t) = Rs(t)
ST 1051 - 2)%(1— 341 — t42(1— 1)

goog

Rs(t) = 1+ t2+ 1663+ 29* 4+ 39t° + 95t8 + 1877 + 2548
+307° + 38610 + 461! + 46112 + 38613 + 30714
+2541° + 1871% + 9517 + 3918 4 2at19 4 1620
+H 4123
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o Mrr]n: Mn((c) X o+ X Mn(C)
® GLy(C) ~ MM

@ GL\(C) ~ m ; .32>,...m§““>]
@ C(n,m) = [xij ;...,xIj M GLa(C)
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0 O -Artin(1969)
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2,2) 000 (Formanek-Halpin-Li 1981 )

Mz x M3]Pék 000 (Nakamoto 2002)
,2) 0 Poincaré O (Teranishi 1987)

YO C[Mp x Mp]® 0 Poincaré0 0000000000
F(t) = (1 —9)"F(s,1))|s=1 0 0 0 O OF(t) = Fn(t)

C(
C(3,2) 0 0O (Formanek 1987)
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Teranishi’'s Theorem

0 O O TeranishiO
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0000000000c00000000ceS0000
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_ L R
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= tt

00000000000
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000 LatteE

| R LattE - Gomputations with Polyhe._ | = |

La E homepage

LattF is a computer software dedicated to the problems of counting and
detecting lattice points inside convex polytopes, and the solution of integer

UCDAVIS

Home programs. LattE contains the first ever implementation of Barvinok's
algorithm. LattE stands for *'Lattice point Enumeration”
People This research is partially supported by the National Science Foundation
Software You will be able to download LateE if you click in the option software. If you
have any guestions about LattE you can send us an email to
Theory latte@math.ucdavis.edy
'E-itksround' You can find a fast introduction in the manual. More details, research papers,

and related theory can also be found here by clicking at theory or .background
inforrnation. We would love to hear from you if LattE has been useful inyour
work or research. Enjoy LattF|

Informatian

http://www.math.ucdavis.edu/ latte/
00000 “LattE macchiato”
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@ LattE

e J.A. De Loera

e R. Hemmecke

@ Ruriko Yoshida

e Jeremy Tauzer...and so on.
@ LattE macchiato

o E.KdOppe
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e count filename --- flename O POOOOODOO
e countnfilename --- NnPOOOOOOODOOO

e PO “Ehrhart0"000O0O0O0O
e ehrhart filename
e Ehr(t) = > #(nPN ZMHit"
e JI0OO0O0OPOOOOOOOOOOOOO

@ maximize filename
@ minimize filename
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LattE input

00000 PO Ax<b; AeMpng, beZ™"OOODOOOO
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LattE input
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01111-1000-1000-1000-1000
0-100011110-1000-1000-100
00-1000-100111100-1000-10
000-1000-1000-10121212000-1
0000-1000-1000-1000-111112
-15011111111111111111111

linearity 6123456

nonnegative 201234567891011121314151617 181920
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0000 (n=>5)

r=20 |0<r <150

Maple 1 min. 80 years
GAP 11 sec. 17 years
C+NTL 0.3 sec. | 5 months

LattE (CPU:600MHz) | 5 min. 13 hours
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0000 (n=6)

‘ r=20 ‘ r=70 ‘ 0<r <960

C imin. 18 days | 1.7 x 10 years
LattE (CPU:3GHz) | 2.8 hours | 2.8 hours 112 days
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Barvinok’s algorithm

RY > P : rational polyhedron

P={x=cRY Ax<b}, A: mxdOO, b=eZzZ"

o= > 2 (=742

acPnzd
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Barvinok’s algorithm

2101 2

1
14+z2+2+4--- =1, (Z<<+00)
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Barvinok’s algorithm

...1 2 3 4 5 ...

2 z
Z2+23+2421—z+1—z—1
Z 2
(RHS) =1 +77
2P P0-D)
o 1-z 1-z

=Z(1+z+72)
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nez

z—1 1-z
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Barvinok’s algorithm

— o o
...1 2 3 4 5 ...

Z

z

£+£+f=1 +

-z 1-27271

z ?
(RHS):ferﬁ
-7 Z1-7)
o 1-z 1-z

=Z(1+z+2)
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Barvinok’s algorithm

P>v : vertex

C(P,v)=v+{ueR? | 00000 VS>00000v+ducP}
vO O OO PO “supporting cone”

fp = Z fepw)

veV(P)

V(P):POOOOOOOOO
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Barvinok’s algorithm

V3

Vi V2

i +Zi2
o) = Ta i o5
.  P2APui7
Clve) = (17 5 H(1-25 )

fi+h+f=22+2+Z2n+Z2+uz+zu+1
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Barvinok’s algorithm

Proposition
PODODODOOOfr=0

Proof.

P = Iealx
(VA v e, Iy IM)

fp=>eafh, OOOOf, =00000000
fiy :ZaZKEZZkaO [

A\
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Barvinok’s algorithm

O O (Algebra of polyhedra)

0000 ScRIODOOD [§:RY—RO

000000
P([RY) =R([P] | P : polyhedron) : [P0 0000000000
Po(RY([P] | P : OO 0DOO polyhedron)
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Barvinok’s algorithm

supportingcone 0 OO0 0O OO0

OO (Brion)
000 polyhedronPc RO OO0 ge Po(RHY OO O OO

Pl=g+ > [C(P.V).

veV(P)

o= > fepy

veV(P)
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Barvinok’s algorithm

0 0O (simple rational cone, unimodular cone)

u,...,ugez% : 0000
simple rational cone 0 O

K(ug,...,Uug) = {Zciui

gobooobooboooooooo

H(ul,...,ud) = {Zciui

Ci ZO}

0§Ci<1}

O000Ovol(Il)=1000000 KO unimodular cone 0 0 00O
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Barvinok’s algorithm

simple rational cone O 0O 0O 0O

K =K(uy,...,uq) O simple rational coneD 100000000
gogd

_
fK_ ZXaHJ_ XUi

acIinzd

=l [ 5

0000000000 coneO simple rational cone 00O O O
oon
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Barvinok’s algorithm

simple rational cone 0 unimodular cone 0 0 O O

0 O O BarvinokO

00d>00fixDOOODOOODODO polyhedral rational cone
KcRIOO OO unimodular cones K O ¢ = +10 000

gboobooboooobooboooooooooooooooonoo
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Barvinok’s algorithm

O00000000KO simplecone0 0000000

K = K(ug,...,uq) C R

B = {1ty + -+ agi | oy < (vol(IL)) ¥ |

—
Y

ODO0O0O0vol(By=290000
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Barvinok’s algorithm

Minkowski's convex body theorem

00 (Minkowski)

ADRO0O0DOODOODO0OOOOODOODOOOOOOOOODOOO
VOI(A)ZZdDDDDADDDDDDDDDDDDDDDDD
ooo

weBOOOO
Ki = K(Ug,...,U—1,W, Ut1,...,Uy) O OO0

[K] = ¢[Kj] (mod lower dim. faces) , g = +1

J
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Barvinok’s algorithm

K1 = K(w, up)
Ko = K(Ul,W)
[K] = —[Ka] + [Kg]

VOI(ILj) = [ug A== AWA -+ A Up
= |oy|voI(IT) < (vol(IT)) T
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Summary

Summary
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